Abstract. Let f (λ) = ∞ n=0 a n λ n be a function defined by power series with complex coefficients and convergent on the open disk D (0, R) ⊂ C, R > 0. In this paper we show amongst other that, if α, z ∈ C are such that |α| , |α| |z| 2 < R, then
Introduction
If we consider an analytic function f (z) defined by the power series ∞ n=0 a n z n with complex coefficients a n and apply the well-known CauchyBunyakovsky-Schwarz (CBS) inequality
holding for the complex numbers a j , b j , j ∈ {1, . . . , n} , then we can deduce that If we restrict ourselves more and assume that the coefficients in the representation f (z) = ∞ n=0 a n z n are nonnegative, and the assumption incorporates various examples of complex functions that will be indicated in the sequel, on utilizing the weighted version of the CBS-inequality, namely where w j ≥ 0, while a j , b j ∈ C, j ∈ {1, . . . , n}, we can state that
In an effort to provide a refinement for the celebrated Cauchy-Bunyakovsky -Schwarz inequality for complex numbers (1) de Bruijn established in 1960, [2] (see also [8, p. 89] or [3, p. 48] ) the following result:
is an n-tuple of real numbers and z = (z 1 , . . . , z n ) an n-tuple of complex numbers, then
Equality holds in (5) if and only if for k ∈ {1, . . . , n}, b k = Re (λz k ), where λ is a complex number such that the quantity λ 2 n k=1 z 2 k is a nonnegative real number.
On utilizing this result, Cerone & Dragomir established in [1] some inequalities for power series with nonnegative coefficients as follows:
Theorem 1 (Cerone & Dragomir, 2007 [1] ). Let f (z) := ∞ n=0 a n z n be an analytic function defined by a power series with nonnegative coefficients a n , n ∈ N and convergent on the open disk D (0, R) ⊂ C, R > 0. If a is a real number and z a complex number such that a 2 , |z| 2 ∈ D (0, R) , then:
For other similar results and applications for special functions see the research papers [1] , [4] - [6] and the survey [7] .
The results
Denote by:
and consider the functions:
As some natural examples that are useful for applications, we can point out that, if
then the corresponding functions constructed by the use of the absolute values of the coefficients are
Other important examples of functions as power series representations with nonnegative coefficients are:
where Γ is Gamma function.
The following result holds:
n=0 a n λ n be a function defined by power series with complex coefficients and convergent on the open disk
Proof. Let n ≥ 1. Observe that
which gives us the useful identity
for any α, z ∈ C and n ≥ 1. Taking the modulus in (11) and utilizing the generalized triangle inequality we have
Observe that
= Re
Making use of (12)- (14) we get
for any α, z ∈ C and n ≥ 1. Since all series whose partial sums involved in the inequality (15) are convergent, then by letting n → ∞ in (15) we deduce the desired result (10).
n is a function defined by power series with nonnegative coefficients and convergent on the open disk
for α, z ∈ C with |α| , |α| |z| 2 < R.
n=0 a n λ n be a function defined by power series with complex coefficients and convergent on the open disk D (0, R) ⊂ C, R > 0. If x, y ∈ C are such that |x| 2 , |y| 2 < R, then
where σ (x) := x x is the "sign" of the complex number x = 0. Proof. If we take in (10) α = x 2 and z = y x , then we have
which is equivalent to (17). If we take in (10) α = x 2 and z = ȳ x , then we have
which is equivalent to (18).
Remark 2.
If a ∈ R and y ∈ C are such that a 2 , |y| 2 < R, then
In particular, if the power series is with nonnegative coefficients, then
for a ∈ R and y ∈ C such that a 2 , |y| 2 < R.
We also remark that, since
then by (21) we get
which is equivalent to Cerone-Dragomir's result
where a ∈ R and y ∈ C such that a 2 , |y| 2 < R.
The following result also holds:
Theorem 3. Let f (λ) = ∞ n=0 a n λ n be a function defined by power series with complex coefficients and convergent on the open disk
Taking the modulus in (23) and utilizing the generalized triangle inequality we get
Making use of the weighted discrete Cauchy-Bunyakovsky-Schwarz inequality we have
for any α, z ∈ C. We also have
for any α, z ∈ C. Since all series whose partial sums involved in the inequality (27) are convergent, then by letting n → ∞ in (27) we deduce
, which is equivalent to the desired result (22).
Corollary 2. Let f (λ) =
∞ n=0 a n λ n be a function defined by power series with complex coefficients and convergent on the open disk
Proof. If we take in (22) α = x 2 and z = y x , then we have
which is equivalent to (28).
We have the following result:
Theorem 4. Assume that f (λ) = ∞ n=0 a n λ n (a 0 = 0) is a function defined by power series with nonnegative coefficients and convergent on the open disk D (0, R) ⊂ C, R > 0. If x ∈ R with 0 ≤ x ≤ 1 and 0 ≤ α < R, then
for any α, x ∈ R.
Taking the modulus and utilizing the triangle inequality we have
for any α, x ∈ R. Since 0 ≤ x ≤ 1, then 0 ≤ x j ≤ 1 for j ∈ {0, ..., n} , which implies that
Then by (31) we get
for 0 ≤ x ≤ 1 and n ≥ 1.
Utilising the weighted discrete Cauchy-Bunyakovsky-Schwarz inequality, we have
Proof. If we take in (29) α = v 2 and x = u v , then we have the desired inequality (36).
Applications
If we write the above inequalities for the exponential function exp (λ) = ∞ n=0 1 n! λ n , λ ∈ C, then we have:
If we take α = 1 in (37), then we get
If we take α = 1 in (40), then we get
≤ exp |z| 2 + 1 exp |z| 2 + 1 + |exp (z)| 2 − 2 exp (2Re (z)) . If u, v ∈ R with 0 ≤ u ≤ v < 1, then
If we write the above inequalities for 
